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We study quantum chaos and spectral correlations in periodically driven (Floquet) fermionic
chains with long-range two-particle interactions, in the presence and absence of particle number
conservation (U(1)) symmetry. We analytically show that the spectral form factor precisely follows
the prediction of random matrix theory in the regime of long chains, and for timescales that ex-
ceed the so-called Thouless/Ehrenfest time which scales with the size L as O(L2), or O(L0), in the
presence, or absence of U(1) symmetry, respectively. Using random phase assumption which essen-
tially requires long-range nature of interaction, we demonstrate that the Thouless time scaling is
equivalent to the behavior of the spectral gap of a classical Markov chain, which is in the continuous-
time (Trotter) limit generated, respectively, by a gapless XXX, or gapped XXZ, spin-1/2 chain
Hamiltonian.
Symmetry and the related invariance of physical laws
under transformations are important concepts of physics.
The study of symmetry in quantum physics was primar-
ily introduced by Wigner [1], who also famously formu-
lated random matrix theory (RMT) for a statistical de-
scription of fluctuations in positions of compound nuclei
resonances [2]. The concepts of symmetry are closely
intertwined in the development of RMT. The essential
idea of the RMT is that the universal fluctuations in
complicated spectra of any compound nucleus consisting
of many strongly interacting nucleons can be described
in terms of statistical ensembles of eigenvalues of very
large random matrices with independent, identically dis-
tributed (iid) entries. The properties of input random
matrices are determined by the general features of the un-
derlying generic Hamiltonians of the nucleus, such as the
hermiticity, the time-reversal symmetry, and other uni-
tary symmetries [3, 4]. Following these ideas of Wigner,
Dyson proposed three major symmetry classes of random
matrices (namely, orthogonal, unitary, and symplectic)
based on the symmetry classification of Hamiltonians [5].
The RMT also plays a very special role in the ad-
vances of quantum chaos where a statistical similarity
was observed/conjectured between the RMT spectra and
highly excited energy levels of generic quantum systems
whose corresponding classical dynamics are fully chaotic
[6–9]. The fluctuations in spectral density (spectral fluc-
tuations) of energy or quasienergy spectra are often used
as the main signatures of quantum chaos and the ap-
propriate RMT type is determined solely by the symme-
try of underlying dynamical systems [10]. The simplest
measure of spectral fluctuations is the spectral form fac-
tor (SFF) K(t), i.e., the Fourier transform of the spec-
tral pair correlation function. A partial explanation of
the above observation/conjecture was given in a heuristic
derivation of K(t) for classically strongly chaotic systems
using Berry’s semiclassical periodic orbit theory [11–16].
The only rigorous proof of the semiclassical quantum
chaos conjecture has been possible for very specific class
of models, namely the connected quantum graphs [17]. A
series of recent works [18–21] has further provided some
new insights for low dimensional and locally interacting,
nonintegrable many-body systems where local degrees of
freedom, e.g., spin-1/2’s, fermions, qubits, have no clas-
sical limit. Specially, these works explain the dynamical
mechanism underlying the RMT descriptions of spectral
properties of these systems [22–24] by going beyond the
semiclassical periodic-orbit approaches.
Time-reversal and unitary symmetries are useful tools
in understanding quantum dynamics as well as the RMT
symmetry classification. Periodically driven many-body
quantum systems with or without time-reversal invari-
ance were investigated in the recent analytical deriva-
tion of K(t). For example, while Ref. [18] considered
a time-reversal invariant model of long-range Ising spin-
1/2 chain in a periodically kicking transverse field, the
Floquet local Haar-random unitary (nearest-neighbor)
quantum circuits without time-reversal invariance were
explored in [20, 21]. Surprisingly, these studies of
models with different time-reversal symmetry show the
same (logarithmic) system-size scaling of the Thou-
less/Ehrenfest timescale beyond whichK(t) has universal
RMT form. The above studies [18–21] focused on models
without any local conserved charges due to unitary sym-
metries. One can intuitively think that the presence of
local conserved charges in the model will substantially al-
ter the dynamics, especially short-time dynamics. Thus,
it is expected to change the system-size scaling of Thou-
less timescale [25]. Last year, Ref. [26] computed K(t)
analytically in the limit of local Hilbert space dimension
q →∞ for a Floquet circuit model that has a U(1) sym-
metry (conserved charge) encoded via spin-1/2 degrees of
freedom. The model in [26] corresponds to the circular
unitary ensemble (CUE) of RMT without time-reversal
symmetry.
In this Letter, we make an important step forward by
exploring analytically and numerically the role of U(1)
symmetry on K(t) and the Thouless timescale in a min-
imal model of spinless fermions with finite local Hilbert
space dimension (q = 2) and with time-reversal symme-
try. Our model belongs to the circular orthogonal en-
semble (COE) of RMT. We particularly show that K(t)
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2in the Trotter regime (of the continuous-time limit) can
be obtained from a Hamiltonian of an anisotropic and
isotropic Heisenberg spin-1/2 chain model with periodic
boundary conditions, respectively, in the absence and
presence of U(1) symmetry. While we find the Thou-
less time to be independent of the system size for a U(1)
symmetry breaking model, it scales quadratically with
system size for a U(1) symmetric model. We also pro-
vide exact numerical results for K(t), which are consis-
tent with our theoretical predictions.
We consider a one-dimensional lattice of interacting
spinless fermions with a time-periodic kicking in the
nearest-neighbor coupling (hopping). The Hamiltonian
of the driven system is given by
Hˆ(t) = Hˆ0 + Hˆ1
∑
m∈Z
δ(t−m), (1)
Hˆ0 =
L∑
i=1
inˆi +
∑
i<j
Uij nˆinˆj , (2)
where the time is measured in units of pulse period (cy-
cle) [27]. Here, nˆi = cˆ
†
i cˆi is the number operator where
cˆ†i is a creation operator of a fermion at site i. The long-
range interaction between fermions at sites i and j is
given by Uij = U0/|i− j|α and i are random onsite en-
ergies which we select as Gaussian iid variables of zero
mean and standard deviation ∆. The exponent is taken
in the interval 1 < α < 2 where the interaction is nei-
ther short-ranged nor it can be described by a mean-field.
We choose the driving Hamiltonian Hˆ1 with or without
a U(1) symmetry which corresponds respectively to con-
servation or violation of a total fermion number operator
Nˆ =
∑L
i=1 nˆi. Thus, we take the following Hamiltonian:
Hˆ1 =
L∑
i=1
(−Jcˆ†i cˆi+1 + ∆cˆ†i cˆ†i+1 + H.c.), (3)
where J and ∆ are respectively the strength of hop-
ping and the amplitude of p−wave pairing. The absence
or presence of pairing ∆ generates U(1) symmetric or
symmetry-broken driving. We here use periodic bound-
ary condition in real space, i.e., cˆi ≡ cˆi+L. Our above
model is a long-range and disordered variant of the kicked
t-V model [28, 29] studied earlier in the context of ergod-
icity breaking transition in generic nonintegrable quan-
tum many-body systems.
For a periodically driven Floquet system as ours, the
quasienergies of interest are the eigenphases of a unitary
Floquet propagator Uˆ of evolution after one cycle: Uˆ =
T exp(−i ∫ 1
0
dtHˆ(t)) where T is time-ordering. We then
define: Uˆ |m〉 = e−iϕm |m〉 for m = 1, 2, . . . ,N where |m〉
and ϕm are formal many-particle eigenstates and eigen-
phases of the Floquet system, and N denotes dimension
of the Hilbert space. The spectral density of the eigen-
phases is given by ρ(ϕ) = (2pi/N )∑m δ(ϕ−ϕm), with a
unit mean level density 〈ρ(ϕ)〉ϕ ≡
∫ 2pi
0
dϕρ(ϕ)/(2pi) = 1
where the average 〈. . .〉ϕ is carried over the full range
of eigenphases. The spectral pair correlation function
R(ϑ) = 〈ρ(ϕ + ϑ/2)ρ(ϕ − ϑ/2)〉ϕ − 〈ρ(ϕ)〉2ϕ provides a
measure of spectral fluctuations. We define and calcu-
late its Fourier transform as
K(t) =
N 2
2pi
∫ 2pi
0
dϑR(ϑ)e−iϑt = |trUˆ t|2 −N 2δt,0, (4)
where trUˆ t =
∑
m e
−iϕmt. However, since the quantity
above is not self-averaging, we further include an aver-
age 〈. . .〉 over a quench disorder {i} yielding the precise
definition of SFF:
K(t) = 〈(trUˆ t)(trUˆ−t)〉 − N 2δt,0. (5)
The time-evolution operator Uˆ of each cycle for the sys-
tem in Eq. (1) can be written as a two-step unitary Flo-
quet propagator:
Uˆ = Vˆ Wˆ , Wˆ = e−iHˆ0 and Vˆ = e−iHˆ1 . (6)
It is generally difficult to derive the exact many-particle
eigenstates |m〉 of Uˆ . Instead, we consider a basis of
Fock states |n〉 ≡ |n1, n2, . . . , nL〉, where nj ∈ {0, 1} rep-
resents an occupation number of spinless fermion at the
lattice site j, and N ≡ 〈n|Nˆ |n〉 = ∑Lj=1 nj . For ∆ = 0,
[Uˆ , Nˆ ] = 0; thus Uˆ is block-diagonal in basis |n〉. There-
fore, we need to consider all or some of the basis states
in our derivation of K(t) depending on whether ∆ 6= 0 or
∆ = 0. When we consider a U(1) symmetric model with
total particle number conservation, we need to take only
those basis states N = (LN), which have that particular
total number N of particles, e.g., N = L/2 at half-filling.
However, we need take all N = 2L states |n〉 in the ab-
sence of U(1) symmetry in our model. These basis states
|n〉 are eigenstates of Wˆ , and we can write,
Wˆ |n〉 = e−iθn |n〉, θn =
L∑
i=1
ini +
∑
i<j
Uijninj . (7)
Following Eq. (5), we now evaluate trUˆ t, which is es-
sentially the Floquet propagator for t time steps, in a
discrete-path-integral like fashion by inserting decompo-
sition of identity 1lN =
∑
nτ
|nτ 〉〈nτ | at different time
steps τ = 1, 2, . . . , t. The sums are restricted to an ap-
propriate subset of basis states in the particle-number
conserving case. Thus, we write
trUˆ t =
∑
n1,...,nt
〈n1|Vˆ Wˆ |n2〉〈n2|Vˆ Wˆ . . . |nt〉〈nt|Vˆ Wˆ |n1〉
=
∑
n1,...,nt
e−i
∑t
τ=1 θnτ
t∏
τ=1
Vnτ ,nτ+1 , (8)
Vnτ ,nτ+1 = 〈nτ |Vˆ |nτ+1〉, (9)
where we use periodic boundary condition in time nt+1 ≡
3n1. We thus get the following expression of the SFF:
K(t) =
∑
n1,...,nt
∑
n′1,...,n
′
t
〈e−i
∑t
τ=1(θnτ−θn′τ )〉
×
t∏
τ=1
Vnτ ,nτ+1V
∗
n′τ ,n
′
τ+1
. (10)
The phases θnτ for different many-particle basis states
nτ (modulo 2pi) are assumed to be independent ran-
dom numbers for Hˆ0 with random onsite energies and
long-range interaction. We confirm later the validity of
such random phase assumption (RPA) by direct numer-
ical evaluation of K(t). Within the RPA, the averaging
over the disorder realizations gives:
〈e−i
∑t
τ=1(θnτ−θn′τ )〉 ' δ{n1,...,nt},{n′1,...,n′t}, (11)
where {n1, n2, . . . , nt} represents a lexicographically or-
dered string of configurations. We assume that our sys-
tem is large enough, so that at times of our interest
t  tH where tH = N is the so-called Heisenberg time.
Since the probability that two configurations repeat in
time t is proportional to t/tH , under condition t  tH
all configurations nτ in the string {n1, n2, . . . , nt} can be
assumed different. Then, the constraint in Eq. (11) im-
plies that there is a permutation pi ∈ St so that we can
relate n′τ = npi(τ). There are t cyclic permutations and t
anti-cyclic permutations for which the matrices Vnτ ,nτ+1
in a string {n1, n2, . . . , nt} are the same as Vn′τ ,n′τ+1 in
a string {n′1, n′2, . . . , n′t}. One can show that the contri-
butions to the K(t) from all other permutations pi which
contain at least one pair of neighbor changes are smaller
in the thermodynamic limit [18]. Thus, we can write for
the leading order contributions:
K(t) =
∑
n1,...,nt
t∏
τ=1
Vnτ ,nτ+1V
∗
npi(τ),npi(τ+1)
= 2t
∑
n1,...,nt
t∏
τ=1
|Vnτ ,nτ+1 |2 = 2t trMt, (12)
where
Mn,n′ = |〈n|Vˆ |n′〉|2 = |〈n|e−iH1 |n′〉|2 (13)
is a N ×N square matrix.
In fact,M is a double stochastic matrix, i.e., the sums
of its nonnegative elements along rows and columns are
equal to 1, hence its largest eigenvalue is 1 as a conse-
quence of unitarity of Vˆ . Let us write the eigenvalues of
M as 1, λ1, λ2, λ3, . . . with 1 ≥ |λj | ≥ |λj+1|. Then, we
obtain SFF as a sum over eigenvalues λj
K(t) = 2t
(
1 +
∑
j
λtj
)
, (14)
where K(t) ' 2t is a leading order in t/tH result of
RMT/COE. For large enough L, we can approximate the
above expression at long time t, 1 t tH , by truncat-
ing it after the second largest eigenvalue λ1 of M. The
eigenvalues λj may or may not depend on the dimen-
sion N of M which itself depends on L. Let us consider
that λ1 scales with system size L as 1 − 1/t∗(L) where
t∗(L) ' Lβ/D, D is a constant and β is an exponent to
be determined. Here, t∗ can be identified as the Thouless
time by borrowing the notion from diffusive disordered
conductors [20, 30, 31], or a many-body analogue of the
Ehrenfest time [18]. Thus, we can write
K(t) ' 2t(1 + (1− 1/t∗(L))t) ' 2t(1 + e−t/t∗(L)). (15)
Our next goal is to find the L-dependence of λ1 and t
∗
in the presence and absence of U(1) symmetry in our
model. For this, we now consider the matrix M in the
Trotter regime at small J,∆. Remarkably, the double
stochastic matrix M can then be generated by a hermi-
tian “quantum” Hamiltonian of the anisotropic Heisen-
berg (an XXZ or rather an XZZ) model with periodic
boundary condition. For J,∆ → 0, we can express the
matrix M as
M = (1− cxL)1lN +
L∑
j=1
∑
ν
cνσ
ν
j σ
ν
j+1 +O(J4,∆4), (16)
where cx = (J
2 + ∆2)/2, cy = cz = (J
2 −∆2)/2. Here,
σνj , ν ∈ {x, y, z}, is the Pauli matrix at site j. The
“ground state” of the generating Hamiltonian with an
eigenvalue 1 is a ferromagnet polarised in x-direction with
all N components in computational σzj -basis equal and
corresponds to the equilibrium state of the Markov chain.
It matches with our previous claim of largest eigenvalue
λ0 = 1 for the double stochastic matrix M. Now, for
∆ = 0, we have the isotropic (XXX) spin exchange in-
teraction (cx = cy = cz) whose eigenenergy spectrum
is gapless [32]. So the first “excited state” with near-
est eigenvalue to 1 goes as 1 − c1/L2 where c1 is a con-
stant (one x-polarized magnon excitation with the small-
est pseudomomentum k = 2pi/L). Therefore, we readily
identify β = 2 for the L-dependence of λ1 in the pres-
ence of U(1) symmetry in our model when ∆ = 0. The
Thouless time here depends quadratically on the length
of the lattice t∗ ' L2/c1.
For ∆ 6= 0, the mapping in Eq. (16) in the Trotter
regime consists of an anisotropic Heisenberg model with
anisotropy η = (J2 + ∆2)/(J2 −∆2), |η| > 1, which has
a finite and system-size independent gap in the energy
spectrum between the ground and first excited state [32].
Therefore, β = 0 in the absence of U(1) symmetry, and
we have a finite (L independent) Thouless time for our
particle-number non-conserving model.
All this analysis for the L-dependence so far applies
only to Trotter regime (of small J,∆ or in the continuous-
time limit). Next, we investigate numerically the L-
dependence of the eigenvalues of M for arbitrary J,∆.
For this, we write the elements of M as
Mn,n′ =
∣∣∣∣∣∑
p
e−iEp〈n|Ep〉〈Ep|n′〉
∣∣∣∣∣
2
, (17)
4where Ep and |Ep〉 are respectively eigenvalues and eigen-
states of Hˆ1 satisfying: Hˆ1|Ep〉 = Ep|Ep〉.
J = 1,∆ = 0 J = 1,∆ = 0.3
L λ1 λ2 λ3 L λ1 λ2 λ3
10 0.653 0.5023 0.4275 10 0.7594 0.6139 0.5288
12 0.7495 0.6087 0.5263 12 0.75938 0.6079 0.5677
14 0.8115 0.6892 0.6098 14 0.75938 0.6152 0.6041
16 0.8535 0.7493 0.6939 15 0.75938 0.6328 0.6026
TABLE I. Three largest eigenvalues λ1, λ2, λ3 (excluding λ0 =
1) of M for different lengths L in the presence (∆ = 0) and
absence (∆ 6= 0) of U(1) symmetry in our lattice model.
In Tab. I, we list the first few eigenvalues of M (ex-
cluding the largest eigenvalue 1) for different system sizes
in the presence and absence of U(1) symmetry. From
the limited system sizes accessible in exact diagonaliza-
tion, we find, when J = 1,∆ = 0, that β = 1.86 (us-
ing the largest three system sizes L = 12, 14, 16) if we
are fitting to λ1 = 1 − 1/t∗ and β = 2.08 if fitting
to λ1 = e
−1/t∗ . When J = 1,∆ = 0.3, we find con-
sistently β = 0.0. We also observe in our numerics
that β → 2 as J → 0 for the U(1) symmetric model
(∆ = 0) as predicted above from the analysis in the Trot-
ter regime. Thus, we conclude that β = 2 or β = 0,
respectively, in the presence or absence of U(1) sym-
metry in our model for arbitrary J,∆. We further no-
tice in Tab. I that the other eigenvalues (e.g., λ2, λ3)
are mostly L-independent for J = 1,∆ = 0.3. For
∆ = 0, we find that the numerical values of λj rapidly
fall with increasing j, and the L-dependence of λj for
small js are somewhat similar to that of λ1. The above
results are for the Hamiltonian Hˆ1 with periodic bound-
ary condition on real space. When we take open bound-
ary condition, we find λ1 = 0.9042, 0.9329, 0.9504, 0.9619
respectively for L = 10, 12, 14, 16 for J = 1,∆ = 0,
and λ1 = 0.7746, 0.7724, 0.7709, 0.7703 respectively for
L = 10, 12, 14, 15 for J = 1,∆ = 0.3. These values
give, depending on the respective fit model β = 1.96
(for λ1 = 1 − 1/t∗) or β = 2.03 (for λ1 = e−1/t∗) for
J = 1,∆ = 0, and β = 0.0 for J = 1,∆ = 0.3. From all
the above numerical analysis, we conclude that the Thou-
less time t∗ grows as L2 in U(1) symmetric models, and
t∗ is L-independent in U(1) symmetry-broken models.
Numerical investigations suggest that the stochastic
many-body Markov chain M (13) is integrable not only
for infinitesimal but also finite J and ∆. Specifically,
level spacing statistics of spectra ofM at fixed quasimo-
mentum, for both cases shown in Tab. I, is found to be
perfect Poissonian statistics. This hints to existence of a
new integrable system related to six vertex model.
To validate our main analytical result (12,14), we fi-
nally perform exact numerical computations of K(t) in
our model (1) in the presence and absence of U(1) sym-
metry. We calculate K(t) numerically using Eq. (5). For
that, we evaluate the matrix representation of Uˆ (6) as:
Uˆn,n′ =
∑
p
〈n|Ep〉〈Ep|n′〉e−iEp−iθn′ . (18)
We take the t-fold matrix product and compute the trace
of Uˆ t for different t. We then repeat the evaluation of
|trUˆ t|2 for different realizations of i, and finally take
average over the disorder realizations. The numerically
calculated K(t) for different L are plotted in Fig. 1 for
∆ = 0 and ∆ = 1. Though we take here a half-filling for
∆ = 0 case, our results are insensitive to the exact value
of fixed filling fraction N/L for large L as long as we are
sufficiently far away from either empty of full band.
For ∆ = 1, we observe K(t) to grow linearly with time
before saturating around tH = N = 2L. The temporal
growth of K(t) for ∆ = 1 in Fig. 1(c) at t  tH is in-
dependent of L which confirms our above analytical pre-
diction based on the RPA. The temporal growth of K(t)
for ∆ = 0 in Fig. 1(a) at t tH depends strongly on L,
and K(t) again grows in time before saturating around
tH = N =
(
L
L/2
)
for the half-filled case considered here.
To investigate the L-dependence of the initial temporal
growth of the computed K(t), we plot K(t)/L2 with t/L2
in Fig. 1(b). We observe a nice data collapse for various
L and t < tH which confirms our above predicted L-
dependence of K(t) for the particle-number conserving
case. Therefore, we find the analysis using the RPA is
in agreement with the exact numerical predictions. Nev-
ertheless, we need to consider a large enough value of
interaction strength U0 (e.g., 15) and appropriate falloff
exponent α (e.g., 1.5), and use averaging over a large
number of disorder realizations to match numerical re-
sults with the theoretical prediction applying the RPA.
It is apt here to compare our results with Ref. [26].
Interestingly, Ref. [26] derived the same scaling of the
Thouless time with the system size (t∗ ∝ L2) in the
U(1) symmetric model, even though there are signifi-
cant differences between the two models as well as in
the methods. For example, while they work with nearest-
neighbor interactions and need local Hilbert space dimen-
sion q →∞ for the Haar averaging, we can use q = 2 but
we need long-range interactions and disorder averaging
to apply RPA. Second, Ref. [26] find that the effective
model is the integrable Trotterized XXX spin-1/2 chain
(i.e., six vertex model). At the same time, in our case,
the mapping to the XXX chain works only in the limit
J → 0, while for finite J , it does not correspond to the
same Trotterized XXX chain (though it still seems to cor-
respond to a Bethe ansatz integrable model as suggested
above).
In conclusion, our study extends the recent effort
to identify microscopic mechanisms of quantum chaos
to a many-body fermionic lattice system with nearest-
neighbor hopping processes and long-range pairwise
interactions in the presence or absence of conserved
particle number. A new dynamical chaos mechanism
has been found which maps the SFF K(t) to an average
recurrence probability of a classical Markov chain
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FIG. 1. Spectral form factor K(t) for different system sizes L of the kicked spinless fermion chain with (∆ = 0) (a,b) and
without (∆ = 1) (c) particle-number conservation. Here, J = 1, U0 = 15, α = 1.5, while i are random, normal distributed with
zero mean and standard deviation ∆ = 0.3. We use open boundary conditions in real space, and take half-filling N/L = 1/2
for ∆ = 0. An averaging over 103 realizations of disorder is performed. In (b) we show data collapse in scaled time t/L2.
with transition probabilities given as square-moduli of
hopping amplitudes. There can be many interesting
further questions and generalizations of the present
study: (i) One can systematically compute subleading
contributions to K(t), Eq. (12), beyond t cyclic and
t anti-cyclic permutations generalizing diagramatics of
Ref. [18]. (ii) It would be straightforward to generalize
our study to bosonic chains, at least in the particle-
number conserving case. (iii) It would be exciting to
investigate the effect of U(1) symmetry on K(t) and t∗
in a locally (nearest-neighbor) interacting many-body
quantum system with finite local Hilbert space [19]. (iv)
Finally, long-range interacting systems with the disorder
have been investigated in the recent years in the context
of many-body localization transition [33, 34], and our
results provide a useful tool to investigate the ergodic
phase of such systems.
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